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ABSTRACT 
This paper establishes a characterization of real H-matrices with positive diago- 
nals in terms of hidden Z-matrices. 
1. INTRODUCTION 
Let D be an n X n matrix over the complex field. It is said to be an 
H-matrix if its companion matrix M(D) = (mij), defined by 
mii=piil, mii= -Id& i#j, 1 <i,j Gn, 
is a Minkowski matrix, i.e., M(D) has positive principal minors. H-matrices 
were introduced by Ostrowski [4]. Plemmons has surveyed various char- 
acterizations of these matrices [S]. In this paper, we shall deal with real 
H-matrices only. 
In an earlier paper [q, we have shown that the class of real H-matrices 
with positive diagonals is properly contained in the class of hidden Z- 
matrices with positive principal minors. A real square matrix M is said to be 
hidden 2 if there exist Z-matrices (i.e., real square matrices whose off-diago- 
nal entries are nonpositive) X and Y such that the following two conditions 
are satisfied: 
MX= Y (Cl) 
rTX+sTY >o for some T,S > 0. 0) 
Hidden Z-matrices were introduced by Mangasarian [3] in his study of 
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solving linear complementarity problems as linear programs. Numerous 
properties of these matrices have been established (see [6], [7j). 
In [5], the following theorem is proved: 
THEOREM. Let D be a Z-matrix. Then the matrix 
M=(-7 0’) 
is hidden Z if and only if D is Minkowski. 
The matrix ( -7 0’) arises in connection with the study of quadratic 
programs with upper bounds (see [l], [5]). We have identified [5] an example 
of a matrix D which is not a Z-matrix, for which 
(-7 0’) 
is a hidden 
Z-matrix. The purpose of this paper is to establish the fact that the matrix 
C-9 (9 
is hidden Z if and only if D is an H-matrix with positive diagonal 
entries. 
2. THE CHARACTERIZATION 
Here we establish 
THEOREM. Let D be an n X n real matrix. Then the following are 
equivalent: 
(1) D is an H-matrix with positive diagonals. 
(2) There exist Z-matrices A and B with A > B and B Minkowski, such 
that D=2A- B. 
(3) M = ( -7 0’) is hidden Z. 
(4) There exist Z-matrices A, B and C with A >C, B >C and C Min- 
kowski,suchthutD=aA+B-Cforsomea>1. 
REMARK. Except for condition (3), which is really the principal result of 
this paper, the theorem is precisely Theorem 2 in [7j. We deliberately repeat 
conditions (2) and (4) because they are needed to establish the equivalence 
of (1) and (3). For completeness, we provide a detailed proof of the theorem. 
Proof of the theorem. 1*2: Let B= M(D) and A=(L)+ B)/2. Then B 
is Minkowski by assumption. It remains to verify that A is a Z-matrix and 
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A > B. Now, uii = ( dii + bJ/2 = dii because D has positive diagonals; for i Pj, 
we have 
dii + bii 
“’ = ~ = 
0 if dii > 0, 
‘I 2 dii otherwise. 
This establishes the desired implication. 
2-3:’ Let 
-Z 
A 
and Y = 
Then clearly, X and Y are Z-matrices and MX= Y. Since B is Minkowski, 
there exists (see [2]) a y > 0 such that By > 0. If 6 > 0 satisfies By + 6( B - A) y 
>O, then 
x( (1+ys)y) >o, 
so that X is Minkowski; therefore the condition (C2) is satisfied. Hence M is 
hidden 2. 
3*4: Suppose M is hidden 2. Let X and Y be Z-matrices satisfying (Cl) 
and (C2). We may write 
x .= ( x11 -x12 -J&1 ) %?z *
Then 
It is easy to see that X,, and Xi, must be nonnegative diagonal matrices. By 
writing rr= (rir, rar’) and s r = (s,‘, sr), it follows from (C2) and an easy 
calculation that 
‘The author is indebted to a referee for a suggestion which simplifies a previous proof of 
this implication. 
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The relation (*) implies that Xi, has positive diagonals and 
The relations (*‘) and (**) imply that X,, is Minkowski. Since 
follows that Xi, also has positive diagonals. Combining (*) 
obtain 
(*‘) 
DX,, > Xzz, it 
and (**), we 
(***) 
Letting C= X,,Xri’ - X,,Xiy ‘, we deduce from (***) that C is Minkowski. 
The matrix B = D - X,,Xlil is Z. Now, we have 
D=B+X,,X,‘=B+X,,X,‘-C 
=A+B-C, 
where A = X,,XiYj’ is a Z-matrix. It is obvious that A > C and B > C. 
Therefore condition (4) is satisfied with (Y = 1. 
4*1: It suffices [2] to show that M(D) >aC. If M(D)=(mii), then 
clearly, mii = auii + ( bii - cii) > acii. For i #j and dii > 0, we have 
?f = - dif = cij - (‘YUii +bif )) Cji > ayCii 
because (Y > 1 and cii Q 0. For i #j and dii < 0, we have 
Onii = dii = “Uii + (bii - Cii) > 'YCij. 
This establishes the implication 4*1 and completes the proof of the theo- 
rem. H 
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